Abstract. The determination of the class number of totally real fields of large discriminant is known to be a difficult problem. The Minkowski bound is too large to be useful, and the root discriminant of the field can be too large to be treated by Odlyzko's discriminant bounds. We describe a new technique for determining the class number of such fields, allowing us to attack the class number problem for a large class of number fields not treatable by previously known methods. We give an application to Weber's class number problem, which is the conjecture that all real cyclotomic fields of power of 2 conductor have class number 1.
Introduction
Although the class number is a fundamental invariant of number fields, the problem of determining the class number is rather difficult for fields of large discriminant. Even cyclotomic fields of relatively small conductor have discriminants too large for their class numbers to be calculated.
The difficulty is that the Minkowski bound for a totally real field of degree n, M(K) = n! n n |d(K)|, is often far too large to be useful. For example, to prove that the real cyclotomic field of conductor 256 has class number 1 using the Minkowski bound, we would need to check that every prime integer below the Minkowski bound factors into principal prime ideals, requiring us to check more than 10 78 primes! The approach of using Odlyzko's discriminant bounds can handle fields of larger discriminant than using the Minkowski bound, but this technique, as applied by Masley [4] and van der Linden [3] , encountered a barrier: Odlyzko's discriminant lower bounds could only establish an upper bound for the class number of a totally real field of degree n if its root discriminant, the nth root of the discriminant, was sufficiently small.
We will overcome this barrier by establishing lower bounds for sums over the prime ideals of the Hilbert class field.
Application to the Weber class number problem
Weber [9] studied the class numbers of the real cyclotomic fields Q(ζ 2 k + ζ −1 2 k ), and proved that their class numbers are odd for all k. Fukuda and Komatsu [2] went much further and proved that no primes less than 10 9 can divide these class numbers, which suggests that the class numbers of these fields may in fact all be 1. This conjecture, known as Weber's class number problem, is also supported by Cohen-Lenstra heuristics [1] . Using Odlyzko's discriminant bounds, van der Linden [3] proved that the class number of Q(ζ 128 + ζ −1 128 ) is 1, and, under the assumption of the generalized Riemann hypothesis (GRH), proved that Q(ζ 256 + ζ −1 256 ) has class number 1. However, due to their rather large discriminants, his method could neither unconditionally prove that Q(ζ 256 + ζ −1 256 ) has class number 1, nor could it be applied to Q(ζ 512 + ζ −1 512 ), even under the assumption of the generalized Riemann hypothesis.
However, by counting sufficiently many prime ideals of the Hilbert class field, we overcome the problem of the large discriminants, and prove the following. The latter field has degree 256 and a discriminant of approximately 3 × 10 616 . The author is unaware of any other number field of such large degree or discriminant for which the class number has been calculated under the generalized Riemann hypothesis.
It is striking that the class number of the real subfield is so small compared to the class number of the full cyclotomic field.
Upper bounds for class numbers of fields of small discriminant
In this section we briefly review the theory of root discriminants and the application of Odlyzko's discriminant bounds to find upper bounds for class numbers of totally real fields. Further details can be found in [3] , [4] and [5] .
Definition 3.1. Let K denote a number field of degree n over Q. Let d(K) denote its discriminant. The root discriminant rd(K) of K is defined to be:
with equality if and only if L/K is an unramified at all finite primes, i.e. no prime ideal of K ramifies in L.
Proof. The discriminants of K and L are related by the formula
where d(L/K) denotes the relative discriminant ideal and N denotes the absolute norm of the ideal, from which the first statement follows. Odlyzko constructed a table [6] of pairs (A, E) such that a totally real field K of degree n has a lower bound for its discriminant,
If we apply Odlyzko's discriminant bounds to the Hilbert class field of K and use the above corollary, we get
If rd(K) < A, then we obtain an upper bound for the class number h, 4. An identity for the class number of a totally real field Let F be an Schwarz class function on R with F (0) = 1 and F (−x) = F (x). Let Φ be defined by
Let K be a number field of degree n with r 1 real embeddings. Poitou's version [7] of Weil's "explicit formula" for the Dedekind zeta function of K states that
where γ is Euler's constant. The first sum is over the nontrivial zeros of the Dedekind zeta function of K, and the second sum is over the prime ideals of K. Let K be a totally real field. We can apply the explicit formula to the Hilbert class field H(K) of K. Let h denote the class number of K. Since log d(H(K)) = hn log rd(H(K)) = hn log rd(K), we have
where the two sums are now over the nontrivial zeros of the Dedekind zeta function of H(K) and the prime ideals of H(K) respectively. We rearrange this to get the identity
where
and
Suppose we choose F so that F is nonnegative and so that Φ(ρ) ≥ 0 for all nontrivial zeros ρ. If it is true that
then we get the upper bound for the class number,
If we choose F appropriately, we can recover the class number upper bounds (3.1) obtained by Odlyzko's discriminant bounds.
Upper bounds for class numbers of fields of large discriminant
If a number field has root discriminant greater than 4πe γ+1 = 60.839... (or greater than 8πe γ+π/2 = 215.33... if GRH is assumed), then we will have
so we can not establish a class number upper bound following the approach of the previous section. However, if we have further knowledge of the zeros or the prime ideals of the Hilbert class field, then we may be able establish a nontrivial lower bound for the sums 1
that is sufficiently large as to ensure a positive lower bound for the denominator of (4.1). Thus we may obtain a class number upper bound for fields with discriminants too large to have been treated by earlier methods. Since it is difficult to make any explicit estimates of the low-lying zeros of the zeta function of the Hilbert class field, we must rely on the contribution of the prime ideals. In his proof [3] that Q(ζ 128 + ζ
128 ) has class number 1, van der Linden used the contribution from the ramified prime above 2 to establish a class number upper bound. Unfortunately, there is only one ramified prime and its contribution in not sufficient for conductors 256 or 512. Fortunately, we can use the many unramified primes.
Suppose a prime integer p totally splits in the field K into principal prime ideals. Since principal ideals totally split in the Hilbert class field, we have hn prime ideals in the Hilbert class field that lie over p, each with a norm of p. Thus for such p we get a contribution to the prime ideal term of the explicit formula
The assumption of the generalized Riemann hypothesis now takes on critical importance. Without assuming that the nontrivial zeros lie on the critical line, the function F would have to be chosen so that Φ is nonnegative on the entire critical strip. Thus F would have to be of the form
with f nonnegative and a nonnegative Fourier transform [5] . Such a condition would force F to decay so rapidly that many prime ideals may be needed contribute significantly to the explicit formula. If, on the other hand, we assume truth of the generalized Riemann hypothesis, specifically that the nontrivial zeros of the zeta function of the Hilbert class field lie on the critical line 1 2 + it, then F would only required to be nonnegative with nonnegative Fourier transform. For example, F could be chosen to be the Gaussian function,
for some positive constant c. For large c, this decays less rapidly, allowing for a larger contribution from the prime ideals.
We summarize the above discussion with the following two lemmas. If we do not assume the generalized Riemann hypothesis, Lemma 5.1. Let K be a totally real field of degree n, and let
for some positive constant c. Suppose S is a subset of the prime integers which totally split into principal prime ideals of K. Let
If B > 0 then we have an upper bound for the class number
On the other hand, if we do assume the truth of the generalized Riemann hypothesis, we have the following lemma.
Lemma 5.2. Let K be a totally real field of degree n, and let
If B > 0 then we have, under the generalized Riemann hypothesis, an upper bound for the class number
6. The class number of Q(ζ 256 + ζ
m ) denote the mth real cyclotomic field, i.e. the maximal real subfield of the cyclotomic field Q(ζ m ), where ζ m is a primitive mth root of unity. If m is a power of 2, then the discriminant of the real cyclotomic field is given by
and the root discriminant is
In particular, we have rd(Q(ζ 256 + ζ −1 256 )) = 127.9891.... This root discriminant is too large to use Odlyzko's unconditional discriminant bound tables to establish an upper bound for the class number. Therefore, we must show a sufficiently large contribution by prime ideals of small norm to the explicit formula in order to get an upper bound for the class number. Although it is not difficult to find principal prime ideals of small norm in the Q(ζ 256 + ζ 256 ) has class number 1 will require that we exhibit principal prime ideals for a rather large number of primes.
We define the norm of an element x of a Galois number field K to be
A prime integer p totally splits in Q(ζ 256 + ζ for k = 0, . . . , 63. Then c 0 , . . . , c 63 is the basis for O that we will use.
Our strategy will be to search over a large number of "sparse" vectors with respect to the basis c o , . . . , c 63 , i.e. vectors where almost all the coefficients are zero. We make a list of those elements of O that have norms which are prime and are congruent to ±1 modulo 256. We will need tens of thousands of these primes to successfully establish an unconditional upper bound for the class number.
We consider all x ∈ O of the form
with 1 ≤ j 1 < j 2 < j 3 < j 4 < j 5 < j 6 ≤ 63 and a i ∈ {−1, 0, 1} for i = 1, . . . , 6. Let T be the set of all such x .
The ideal 2O is totally ramified. Thus, if x ∈ O has even norm N(x), we can divide x by any element of norm 2, say b 1 , to get an algebraic integer b −1 1 x with norm N(x)/2. Therefore we consider the odd parts of all norms N(x). We define the set U to be
Let S 1 be the set of primes S 1 = {m : m ∈ U, m prime, m ≡ ±1 (mod 256), m < 10 9 }.
The set S 1 does not contain enough primes to establish a class number upper bound.
To supplement these primes, we can factor composites in U using primes from S 1 . Let S 2 be set of primes
noting that if N(x) = pq and N(y) = q, for x, y ∈ O for distinct primes p and q, then x/σ(y) is in O with norm p for some Galois automorphism σ. Let S = S 1 ∪ S 2 . We apply Lemma 5.1, choosing c = 210 and putting
A lower bound for the contribution from split primes is
This still is not quite enough, so we supplement our prime ideal contribution by considering the totally ramified prime 2. This factors as 2O = P 64 where P is a principal prime ideal of norm 2, giving a contribution Thus, we get a class number upper bound of
Finally, we apply the results of Fukuda and Komatsu [2] to prove that h = 1, proving Theorem 2.1. 
. which exceeds 8πe
γ+π/2 = 215.33.... Therefore, we must show a contribution to the explicit formula by prime ideals of small norm to get an upper bound for the class number, even under the assumption of the generalized Riemann hypothesis.
In contrast to the unconditional proof that Q(ζ 256 + ζ 512 ) has class number 1 will take knowledge of just a few principal prime ideals of small norm. However, generators of those ideals will be rather difficult to find.
In the next section we will prove the following lemma. The existence of these algebraic integers of small prime norm allows us to prove the main result.
Proof of Theorem 2.2. Let
512 ), which has degree 128 over Q. Let h be its class number. Let F be the function
with c = 8.7.
The following integral can be calculated using numerical integration:
A prime integer p totally splits in K if and only if p is congruent to ±1 modulo 512. Let S denote the set of primes, {3583, 5119, 6143, 7681, 8191, 10753, 11777, 12289, 12799, 13313}, which are the ten smallest prime integers which are congruent to ±1 modulo 512. Using Lemma 7.1, there is a lower bound for the contribution from the prime ideals,
We apply Lemma 5.2 to get an upper bound for the class number, h < 147.
Finally, we can apply the "rank corollary" from [4] (or the results of [2] ) to see that h = 1. This element has norm 5119: This element has norm 7681: This element has norm 8191:
This element has norm 12799:
9. Finding principal ideals of small norm in Q(ζ 512 + ζ −1 512 ) While it is a straightforward matter to verify that the above elements have the desired norms, actually finding these elements poses a challenge. Since we must search a lattice of 128 dimensions, a brute force approach of searching over a suitably sized "box" is impractical. For example, given an integral basis, if we were to search all elements with coefficients between −2 and 2, that would mean checking the norms of 5 128 ≈ 10 89 elements, which is substantially larger than the number of particles in the universe! A more practical approach is to search over "sparse" vectors, i.e. vectors where almost all the coefficients are zero. The hope would be that we could find the desired elements of small prime norm, or elements that factor over primes of small norm and produce relations in the class group. What happens if we repeat this above process with similar sparse vectors for the larger field Q(ζ 512 + ζ −1 512 )? Unfortunately, we do not find any elements of small prime norm. In fact, the two smallest prime norms found this way are rather large: 6147073 and 9627649. In this respect, the properties of the field Q(ζ 512 + ζ −1 512 ) are markedly different than that of the smaller field Q(ζ 256 + ζ −1 256 ), so another approach is required. Perhaps the best way to illustrate the approach used is to explicitly write down the particular calculations. We start with the integral basis {b 0 , b 1 , . . . , b 127 } where b 0 = 1 and b j = 2 cos (2πj/512) for j from 1 to 127. As mentioned above, searching over sparse vectors led to two elements of prime norm:
We may also consider algebraic integers with norms which are even, since we can always repeatedly divide by any element of norm 2, such as b 1 , until we get an algebraic integer of odd norm. For example, Another useful element is
, which has norm 9627649 · 2078207. This produces a relationship in the class group between a prime of norm 9627649, which is known to be principal, and a prime of norm 2078207. Therefore all primes of norm 2078207 are principal, and there exists a unique Galois automorphism σ for which
is an algebraic integer of norm 2078207.
However, further search by the author of sparse vectors using the basis {b 0 , . . . , b 127 } found neither elements of small prime norm nor elements which produce useful relations in the class group. To find more suitable elements, we choose a different basis over which to search sparse vectors. For k from 0 to 127, put
The c k are the cyclotomic units, and {c 0 , . . . , c 127 } form an integral basis. Sparse vectors over this basis can produce some algebraic integers of relatively small norm or produce interesting class group relations. Two algebraic integers that prove to be of critical Now given α and β as above, which both have norm 6143 2 , consider the quotients σ(α)/β for each Galois automorphism σ. A calculation shows that none of the quotients are algebraic integers. Thus, we have an inequality of principal ideals (σ(α)) = (β) for every σ.
Let η denote a generator of the Galois group Gal(Q(ζ 512 + ζ where τ is not the identity automorphism. Taking quotients shows P τ (P )
is a principal fractional ideal. Suppose τ has order m in the Galois group. Since τ is not the identity automorphism, m must be even, so P η 64 (P ) = P τ m/2 (P ) = P τ (P ) τ (P ) τ 2 (P ) · · · τ m/2−1 P τ m/2 (P ) is a principal fractional ideal. Thus
is a principal ideal. But Weber [9] showed that the class number is odd, so P itself must be a principal ideal of norm 6143. This approach can be further extended to calculate an actual generator of P .
Once we have shown that a prime of such small norm is principal, it is relatively easy to use sparse vectors to generate more class group relations to show that other prime ideals of small norm are principal and to find their generators.
Concluding remarks
The technique described in this paper for calculating class numbers is applicable to other totally real fields of large discriminant, provided that we can establish a class number upper bound by counting sufficiently many prime ideals of small norm in the Hilbert class field. This allows us to attack the class number problem for a large number of totally real fields which have not been treatable by previous methods. By extension, we can address the class number problem for CM fields, provided we have information about the relative class number.
